Abstract We present a theory for Coulomb drag between two mesoscopic systems which expresses the drag in terms of scattering matrices and wave functions. The formalism can be applied to both ballistic and disordered systems and the consequences can be studied either by numerical simulations or analytic means such as perturbation theory or random matrix theory. The physics of Coulomb drag in the mesoscopic regime is very different from Coulomb drag between extended electron systems. In the mesoscopic regime we in general find fluctuations of the drag comparable to the mean value. Examples are the vanishing average drag for chaotic 2D-systems and the dominating fluctuations of drag between quasi-ballistic wires with almost ideal transmission.
Introduction
Current flow in a conductor can through a Coulomb mediated drag-force accelerate charge-carriers in a nearby conductor, thus inducing a drag-current. The effect is active whenever the distance between the two conductors is of the same order as the distance between the charge-carriers -otherwise it is suppressed by screening. In the past years Coulomb drag in extended 2D-systems has been studied extensively [1] and very recently the study of fluctuations of the Coulomb drag has been initiated [2, 3, 4] . As in many other mesoscopic phenomena the fluctuations will be pronounced for temperatures smaller than the Thouless energy. We study drag in disordered or chaotic finite-size systems with dimension much smaller than the phase-coherence length ℓ φ (see Fig. 1 ) and find interesting phenomena like signreversal, vanishing mean value, and large fluctuations of the drag response.
Formalism
Starting from the Kubo formula (as in Refs. [5, 6] , but, here we consider systems with broken translation invariance as illustrated in Fig. 1 ) we calculate the drag conductance G 21 to second order in the interaction U 12 between mesoscopic subsystems, taking the isolated sys- tems to be otherwise non-interacting. In the dc limit [3] 
Here,
is the three point correlation function Îρρ and
where i labels the subsystem and ξ α = ε α −ε. -Phase-coherencen and lack of translation invariance leads to an arbitrary sign of the outcome of eq. (1). This indicates that fluctuations might be pronounced in disordered or chaotic systems. -For T ≪ T F the factor sinh −2 cuts off the frequency integration and ∆ ∝ ω to lowest order. Performing the frequency integration gives G 21 ∝ T 2 , in accordance with the usual Fermi liquid result for electronelectron scattering.
In the following we study eq. (1) in the T 2 -regime for two cases which demonstrate fluctuations of the order of or larger than the mean value.
3 Quasi-ballistic one-dimensional wires We consider two weakly disordered 1D-wires of separation d, length L ≪ ℓ φ , and mean free path ℓ ≫ L. We study this system both analytically using perturbation theory and numerically by mapping the problem on to a lattice (see inset of Fig. 2 ). We find that even a very small amount of disorder (L ≪ ℓ) can lead to large fluctuations for the drag response and even reverse the sign. The origin is inter-wire interaction induced forward scattering which gives rise to a drag response provided it is combined with disorder induced backscattering. In contrast, in the case of clean wires the backscattering is induced solely by the interwire interaction, and therefore the disordered case is larger by a factor of order R U 12 (0)/U 12 (2k F ), with
iq(x1−x2) U 12 (x 1 , x 2 ) being the Fourier transformed interaction. The reflection coefficient is inversely proportional to the mean free path R ≃ L/ℓ for L ≪ ℓ.
Assuming that the disorder potentials of the two wires are mutually uncorrelated (uc) [5, 6, 3] (2) and (4) are not relevant to uncorrelated
with U 2 12 (0) replaced by
The denominator is the result G 21 (∞) ∝ U 2 12 (2k F ) for ballistic wires. For the realistic case U 12 (2k F ) ≪ U 12 (0) it then follows that the fluctuations of the drag can exceed the average value G 21 (ℓ) uc ≃ G 21 (∞). This contrasts the behavior of the diagonal conductance where the fluctuations [δG ii ] 2 1/2 are vanishing compared to the mean value G ii = (2e 2 /h) 1 − R i ∼ 2e 2 /h in the limit of weak disorder.
The opposite limit with mutually fully correlated (c) disorder potentials [7, 8] is at first sight more complicated because the calculation of fluctuations involves also "crossed" diagrams like diagrams (2) and (4). However, for correlated disorder both of the diagrams (3) and (4) contribute equally whereas for uncorrelated disorder only diagram (3) is relevant. The same is the case for diagrams (1) and (2) and more generally, for each topologically different diagram contributing in the case of uncorrelated disorder there are two similar diagrams contributing equally in case of correlated disorder (to lowest order in 1/k F ℓ). Since symbolically (2) = (1) and (4) = (3) we get
Such an enhancement by correlated disorder was recently predicted for the mean drag in 2D systems [7] ; here we find that also the fluctuations are enhanced. Panel (a) of Fig. 2 shows a parameter-free comparison of Eqs. (4) and (6) √ 2] with the two limits corresponding to uncorrelated and fully correlated disorder, respectively [8] .
Chaotic mesoscopic systems
We consider an ensemble of mesoscopic chaotic systems, such as suggested in Fig. 1 . We assume that the region where the subsystems couple by Coulomb interactions have mutually uncorrelated disorder so that (suppressing the integration variables)
Starting from eq. (2) in the low temperature limit the task is to calculate ∆ i and ∆ i ∆ i . We do this using random matrix theory [9] where the eigenvalues and the wave functions are uncorrelated.
To lowest order in 1/k F ℓ the average of two wave functions is (see e.g. [10] )
where δε is the level spacing and the spectral function is given by A(r) ≃ (m/2h 2 ) exp(−r/2ℓ)J 0 (k F r).
(10) Next, consider the average
. Due to current conservation the points x 1 = x 2 can be anywhere. Taking them to be outside the chaotic region, the decay of the spectral function makes the second term in eq. (12) vanish if x or y are inside. The first term amounts to performing the average over I αβ and φ * γ (x)φ δ (y) separately. Similar arguments hold for higher order averages so that to lowest order in 1/k F ℓ
, and since I and ρ are Hermitian
). From the statistical properties of the S-matrix [9] we find I αγ ∝ τ 3 αγ and since the second average in ∆ is symmetric with respect to interchange of α and γ we get ∆ = 0 and thus of course G 21 =0. However, the fluctuations are nonzero. Since
and the average in the limit of a large N becomes (2N ) −1 δ αγ δα γ we get [11]
Here, we have introduced the spectral function A(r, r
. To lowest order in 1/k F ℓ we replace each spectral function by its average and use that A(r, r ′ ) = A(r ′ , r) so that
we perform the ω-integration in eq. (1) and get
To obtain an estimate we note that eq. (10) is very peaked for k F r < 1 and on long length scales A(r) ≈ (π/4ε F k F ℓ)δ(r) for k F ℓ ≫ 1. Using that approximation for all spectral functions is too crude, but
still gives a finite answer
Due to the peaked behavior of the spectral functions the mixed terms gives a vanishing contribution and introducing u = r 1 − r
where A is the interaction area. Assuming that the screening length r s ≪ ℓ, the range of A is longer than the range of U 12 and we further approximate
The integral over the spectral function gives dr A(r, 0)
2 ) ln 2k F ℓ for k F ℓ ≫ 1. Similarly, for a screened interaction U 12 (r) =Ū 12 (r)exp(−r/r s ), U 12 (r) = e 2 /(4πǫ 0 ǫ r r) we get drU 2 12 (r, 0) = 2π
where Γ α (x) = ∞ x dt t α−1 e −t is the incomplete Gamma function. Collecting things we now obtain the estimate
where γ = 2 −10 π 5 /6 ≃ 0.7 × 10 −3 [12] . Two separately contacted and electrostatically coupled quantum dots have recently been realized in a double-quantumwell GaAs/AlGaAs with d ∼ 40 nm and √ A ∼ 0.8 µm
[13]. Transport measurements indicated a strong electrostatic interaction between the dots, though, measurements of Coulomb drag where not performed. For typical numbers we estimate the drag fluctuations to be of the order of 0.1 Ohm. Interestingly, the above results for the mean value and fluctuations are not changed by breaking of time reversal symmetry, in contrast to the UCF case, where the results with or without an applied B-field differ by a factor of 2 [9] .
Conclusion
We have developed a formalism for study of Coulomb drag in the mesoscopic regime which is a promising new direction for the study of mesoscopic transport properties, since it gives an opportunity to directly study interaction and correlation effects in mesoscopic structures. Disordered mesoscopic systems exhibit interesting and unusual physics [9] and we have demonstrated that this is also the case in disordered Coulomb drag systems.
For quasi-ballistic 1D-wires (L ≪ ℓ) our results illustrate how the statistics of the drag conductance depend strongly on disorder and we find that even weak disorder can give rise to fluctuations of the same order of magnitude as the drag conductance for the ballistic case. This implies that the direction of drag depends on the disorder configuration and that for a given system the sign of the drag current will be arbitrary. Depending on its nature the presence of disorder may even enhance the average of the drag response and the fluctuations compared to absence of disorder.
For chaotic 2D systems like coupled quantum dots we find a vanishing mean drag but with finite fluctuations. These results are based on standard random matrix theory [9] and the prediction of zero mean drag can thus be taken as a test of the degree of ergodicity of the system under investigation.
